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Abstrad-This theoretical study considers the toughening and strengthening of brittle ceramic
matrices reinforced by both dilatant phase-transforming particles and ductile crack-bridging
particles. Nondimensional toughnesses are calculated as a function of the growth of "long".
dominant precut cracks. and nondimensional strengths are calculated as a function of the growth
of pre-existing finite cracks. The presence of the dilatant transformations results in peak toughnesses
and peak strengths for finite amounts of crack growth. For certain parametric combinations of
reinforcements. synergistic interactions may result in peak toughness and strength ratios that exceed
substantially the corresponding levels due to the "uncoupled" (i.e. isolated) mechanisms.

INTRODUCTION

The applied mechanics and materials science communities have devoted considerable atten­
tion to improving the mechanical properties of normally "fragile" ceramics through the
fabrication of novel systems which incorporate small reinforcements within a brittle ceramic
matrix. There are three major categories of reinforcements: fibers. phase-transforming
particles, and ductile particles. Thc effects of thc individual reinforcement mcchanisms on
mechanical propcrties can be substantial. For cxample. the critical fracture toughnesses.
Klcs. of ceramics reinforced by small phase-transforming zirconia particles can often be
two to three times those of the unreinforced matrix ceramics (Evans and Cannon. 1986).

This theoretical study considers increascs in the critical fracture toughnesses and
critical tensilc fracturc strcngths of normally "fragilc" ccramics that are reinforced by the
combination of phasc-transforming particlcs and ductilc particlcs. This combination is of
interest for two reasons. First, it has been prcdictcd that in certain instances the mech­
anisms will interact and provide synergistic increascs in steady-state toughnesses (Amazigo
and Budiansky, 1988). Secondly. a recent theoretical study of resistance curves in partially­
stabilized zirconia materials (Stump and Budiansky, 1989a) discovered peak toughnesses
that exceed substantially the corresponding steady-state levels. A complementary study of
growing finite cracks (Stump and Budiansky, 1989b) found that the transformations also
increased the tensile fracture strengths of these materials. Similar peaks in fracture tough­
nesses and tensile fracture strengths are also expected to occur when phase-transforming
particle reinforcements are combined with ductile particle reinforcements. Furthermore,
the interaction between the two kinds of reinforcements may result in overall peak tough­
nesses and strengths which greatly exceed those found in ceramics reinforced with trans­
forming particles alone. It should be noted that combinations of fibers and phase-trans­
forming particlcs are also expected to exhibit interactions. However, such combinations are
not pursued in this study.

The first part of this study reviews toughening and strengthening results for the
individual or "isolated" mechanisms. The second portion considers toughening due to the
growth of "long" precut cracks in the "combined" material and includes a review of results
for steady-state crack growth. The third section examines strengthening during the growth
of pre-existing finite cracks in the "combined" material. The final section contains some
concluding remarks.

t Prescnt address: E.G.&G. Idaho, P.O. Box 1625. Idaho Falls, ID 83415.
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670 D. M. STUMP

REVIEW OF INDIVIDUAL MECHAJ'-1ISMS

We proceed with concise reviews of toughening and strengthening results for the
"isolated" transformation and particulate reinforcement mechanisms. (The two labels,
transformation and particulate, will be used throughout this study to refer respectively to
the reinforcing effects of phase-transforming particles and ductile particles.) In the interest
of brevity, primary attention is paid to theoretical work, although some experimental results
are cited.

Phase-transforming particle reinforcements
TransformatIOn toughening in ceramics was first documented by Garvie et al. (1975)

and results from the phase transformation of small zirconia particles, typicalIy less than
I /lm in size, that are embedded in a nontransforming ceramic matrix. The high stresses near
an advancing crack tip cause a surrounding region of metastable tetragonal-phase zirconia
particles to transform to a more stable monoclinic crystal structure. The transformed
particles left behind the tip provide a substantial increase in the apparent toughness of the
composite.

Transformation toughening has been extensively studied in the applied mechanics
literature using the "supercritical" transformation model introduced by Budiansky et al.
(1983) to treat partialIy-stabilized zirconia (PSZ). The region of transformed particles is
modeled as a continuum that has undergone a permanent "stress-free" transformation
dilatation of strength c,O;. where c/ is the volume fraction of transforming particles
(generally 0.1-0.4), and 0; is the unconstrained particle dilatation (about 0.04). The
transformation is assumed to occur "supercriticalIy" (i.e. completely) when the mean
stress am = au/3 reaches the critical value a;;'. This model seems physicalIy appropriate
sincc individual particles appear either fully transformed or non transformed and is used
exclusively throughout this study.

Steady-state crack growth, wherein the crack faces are bordered by two sma11­
scale transformed regions of height H r, has been considered by a number of investi­
gators including McMeeking and Evans (1982), Budiansky et al. (1983), Rose (1986)
and Budiansky and Amazigo (1987). Budiansky and Amazigo (1987) defined the trans­
formation-toughening parameter

w = £c,O; (I +v)
a;;' I-v

and the plane-strain characteristic length

L = 2 [Km(l + V)J2
91t a;;'

(I)

(2)

which are also used in this study. Their complete results for the steady-state toughening
ratio ).'!- = KIKm (K is the magnitude of the remote, applied K-field, and Ktip = Km is the
critical value for fracture) are shown in Fig. I, a plot of (A.]!) - I versus the parameter w.
Remarkably, the toughness ratio diverges, that is, "locks up", for w ~ w< ::::: 30 (Rose,
1986).

More recently, Stump and Budiansky (1989a) studied the growth of precut semi-finite
cracks using the "supercritical" transformation model. It was observed that the toughness
ratios of growing cracks, ).T = KIK"" reached maximum values, ).'T", for finite amounts of
nondimensional growth, !J.ajL, from the precut tip positions. The peak toughness ratios are
shown in Fig. I where ()'T"") - I has also been plotted versus toughening parameter w.
Interestingly, "lock-up" of precut cracks occurs at w ::::: 20.2.

The presence of phase-transforming zirconia particles can also increase the tensile
fracture strengths of PSZ materials (MarshalI, 1986). Transformation strengthening in PSZ
has been studied theoreticalIY by Stump and Budiansky (1989b) who employed the
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Fig. I. Reciprocal toughening ratios versus the transformation toughening parameter w.
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"supercritical" transformation model to study the growth of a pre-existing finite crack of
length 2a under a remote. applied tensile stress u. The transformation-toughening parameter
wand the crack-length parameter a/L emerged from their analysis. It was observed that
crack growth initiation occurred for values of U = Uj < uo. where Uo = Km/Jxa is the
tensile-fracture strength of the unreinforced matrix. However as crack growth occurred.
the stress ratios u/uo climbed and reached peak (or ultimate) values um~./UO for finite
amounts of tip advance. Peak strengthening results are shown in Fig. 2. where (um../uoh
has been plotted versus the peak transformation-toughening ratio A..,"' for various values
of the transformation-strengthening parameter

Ec,O;fi w tJ;
t = ----- = - --

Km(l- v) 3 xC
(3)

The parameter t is often more convenient than wand a/L since it is comprised of readily
measurable quantities.

(Gci;' )
T
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Fig. 2. Peak transformation strengthening ratio (u.... /uo)r versus A.T"'; various I.
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Ductile particle reinforcements
Particulate toughening has been attributed to crack bridging by ductile metal particles

embedded in a ceramic matrix (Krystic et al.. 1981). Budiansky et al. (1988) studied steady­
state toughening by assuming a small-scale bridging particle strip of length fp . Their analysis
included rigid ideally-plastic particles which exerted a uniform restraining force 5 and broke
when the uppa crack face displacement 1" reached the critical value tf (This bridging
model is used exclusively throughout this study.) The enhanced toughness was expressed
in terms of the modified toughness ratio

(4)

where cp is the ductile-particle volume fraction, the applied K = K". and the critical K llP for
fracture is K",J I -cpo The square root factor accounts for the decrease in matrix crack
front due to the presence of the bridging particles. [In the sequel, toughnesses and strengths
which involve a~ factor. and lengths that involve a (I-cp ) factor will be referred to
as modified quantities.] A I-integral analysis was used to derive the formula

(5)

where £ and ~. arc the clastic constants of the composite. An additional rdation between
1\;' and Ip W;\5 provided by

" (',.0'>') SI"
1\" = 1+ . .1\", n:(I-(,.)

(6)

whieh carne directly from a manipulation of stress-intensity factors.
Flinn et al. (Il)gl) examined crack growth in AI10\ and found that eqn (5) provided

agreement within about a factor of two. while the accuracy of (6) remained uncertain due
to the dilTIculty of obtaining plane strain values of I". Neverthdess. the validity of both
relations (5) and (6) is assumed for the remainder of this study.

Stump (1989) extended the work of Erdogan and Joseph (1989) and Unswarungsri
and Knauss (1988) and studied particulate strengthening by modeling the growth of finite
cracks in composites reinforced with rigid ideally-plastic particles. Toughness ratios a/al'
where a I = au~ is the modified tensile fracture strength of the unreinforced ceramic,
were calculated as a function of the normalized extension l1a/a for prescribed values of the
steady-state toughness ratio I\~' and the particulate-strengthening parameter

(7)

and reached peak levels ama./a I at finite amounts ofcrack growth. Particulate strengthening
results are shown in Fig. 3, where (ama./at)p has been plotted versus 1\;' for various values
of p. For fixed 1\;', am../a. increases with p until a plateau level is reached. Based on Flinn
et al. (1989) estimates for an AI/AI20 J system. critical crack sizes 0.01-1 mm correspond
only to the values p == 0.15-1.5. Thus, given current levels of strength 5, particulate
reinforcements are not expected to provide important strengthening effects for "small"
critical cracks. despite the fact that the corresponding toughness enhancements can be
substan tial.
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TOUGHENING DUE TO COMBINED MECHANISMS

This section considers toughening during the growth of "long", dominant cracks in
the "combined" material. Throughout the analysis, the small-scale assumption is made,
and the remote and near-tip stresses are given respectively by Mode [ K-fields of magnitude
K and Ktop • We begin with a review of results for steady-state cmck growth.

Steady-state crack growth
The combination of transformation and particulate toughening mechanisms may pro­

vide an overall toughness that exceeds the simple sum of the "uncoupled" effects since the
increased applied K necessary to overcome the bridging particles will simultaneously expand
the size of the trLInsformed region. The extra transformed material provides further tough­
ening beyond that due to just the "isolated" mechanisms. [n order to assess the effects of
the combined mechanisms with respect to the "uncoupled" systems, the component tough­
ness ratios ;.'/ and A; due to the individual mechanisms are taken as prescribed material
constants.

Amazigo and Budiansky (1988) studied steady-state crack growth by combining super­
critical transformations and rigid ideally-plastic bridging particles. The crack faces were
bordered by small-scale transformation wakes of height H, while the tip was bridged by a
"Dugdale-like" particle strip of length I,. The modified steady-state toughness ratio Am
given by the form of (4), was found as a function of the prescribed component toughening
ratios ):; and A~" and the "natural" coupling parameter

(8)

For the limiting values p - (0,00), analytical arguments were developed to show that the
overall toughness ratios obeyed the formulas

A = )UA"
.u ·r p p -+ 00 (9)

(10)

Large values of p obey the synergistic product rule relationship (9). Surprisingly, it was
found that values of p ::::: I yielded overall toughness ratios Au almost as high as those
predicted by (9). However, the difficulty in using the parameter p is that the values Sand
(1:;' are difficult to access and can only be estimated approximately. A more elucidating
coupling parameter is provided by the combination
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(11 )

where Hr and /p are the "uncoupled" transformation wake height and bridging segment
length. The parameters '1 and p obey the relation

( 12)

where ).!; and ware assumed to be related via Fig. I. The formulas (9) and (10) continue
to apply for the limiting values '1 -+ (0,00). Interestingly. it was observed that in some
instances '1 as small as 0.1 resulted in values of 1\." almost as high as those given by the
product rule (9). This is an important result since transformation wake heights H r do not
usually exceed 50 Jlm, while bridge lengths /p may be many times longer. [Krystic (1983)
reported a bridge length in excess of 200 JIm for the AI/All OJ system.} Thus, synergistic
interactions may be possible for mixtures of existing systems of dilatantly transforming
particles and ductile bridging particles.

We begin the study of "long", dominant precut cracks by considering crack growth
initiation. Next, the overall toughness ratio is calculated as a function of normalized crack
advance. Particular attention is paid to how the two mechanisms interact to determine the
overall resistance. The presence of dilatant transformations results in peak toughening
phenomena for finite amounts of growth from the precut tip positions.

Crack growth initiation
A precut crack at the instant of crack growth initiation is shown schematically in Fig. 4.

The crack tip is surrounded by a region of transformed material while the front is blocked
by nondeformed particles. Ductile particles lying in the crack plane behind the tip have
been severed by the introduction of the crack so that there is no initial bridging. Thus. crack
growth initiation depends on just the effects of the applied K and the transformations.
However, as was discussed by Budiansky et al. (1983), the transformations do not effect
K'ip of the precut crack so that near and far K-fields coincide (Le. K = Ktip ).

At the instant of crack growth initiation, K'ip has just reached the critical modified
value K,"~, while am along the exterior of the transformed region is equal to a:;'. The
coordinates of points on the upper half of the surrounding boundary are given in terms of
a complex variable: = x+iy by

z(O) = R(O)[cos (0) + i sin (O)} 0 ~ 0 ~ 1t ( 13)

where R(O) is the boundary-radius vector. (The shape of the transformed region is assumed
Mode-I symmetric throughout the analysis.) The initial~boundaryshapes found by Stump
and Budiansky (1989a) for various values of the parameter w continue to apply if the
characteristic length L, given by (2), is replaced with the modified form L I = L( I - cpl.

Fig. 4. Crack growth initiation in the combined material.
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Res:.stance cun'es
As crack growth occurs, the advancing tip transfonns "fresh" material, while leaving

behind wake regions of pennanently transfonned material and a strip of bridging particles.
The instantaneous toughness depends on both the shape of the surrounding transfonned
region and the effects of the bridging strip. We begin by detailing the model used to treat
the transfonned region.

The three-piece boundary model of Stump and Budiansky (1989a) is used to describe
the evolution of the transfonned region for a crack that is advancing by a series of small
growth increments Ja. The upper half of a crack that has advanced by the overall amount
6a is shown in Fig. 5. The transfonnation boundary is divided into three segments: the
active, passive, and residual. Along the active segment MN, material has just transfonned
according to the 0':;' criterion. The points on the current active segment are described in
tenns of translating crack-tip coordinates by the complex fonn

z(O) = R(O)[cos (0) +i sin (0)1 0 ~ 0 ~ ~ ( 14)

where R(O) is the active-segment radius vector and ~ is an unknown angle. The residual
segment OP is that portion of the initial transformation boundary left behind with the first
increment of crack growth. The passive segment is a growth dependent piece that connects
the end of the residual segment, 0, with the end of the active segment, N. In the limit of
infinitesimal crack growth, the passive piece provides a smooth connection between the
active and residual pieces. For a crack which is advancing by small finite growth increments,
the passive segment is approximated by a series of straight-line segments that run through
the ends of the previous active segments, while always providing a smooth connection to
the residual and current active pieces. Finally, we note that the coordinates of boundary in
the interval ~ < 0 < 7t can also be described with the form of (14) by having R(O) connect
the current tip with the known passive and residual segments.

The formation of the bridging strip is divided into two distinct phases. Immediately
after the start of growth, the crack-opening displacement (COD) within the strip has not
reached the critical value 2vf so that all of the particles left behind the advancing tip remain
intact. Throughout this initial-growth phase, the bridge length I is equal to the tip advance
6a, and the change in strip length JI during each small growth increment is given directly
by Ja. When 6a reaches a special value In the critical COD is achieved at the end of the
strip and particle rupture commences. The crack continues to advance in a stage of gener­
alized growth as shown in Fig. 5, where the bridge length I varies as the critical COD is
maintained at the strip end. Since the rehealing of particles cannot occur, the condition
M ~ Ja must not be violated throughout growth. The equations governing generalized
growth are developed in Appendix A, Part I and are also adapted to handle the initial growth
phase.

"R-curves", that is, plots of the toughness ratio I\. versus the nondimensional crack
advance 6alL" are shown in Figs 6 and 7 for w = 5 and 10 (A.T·· = 1.27 and 1.81),
1\.;' = 2, and a variety of p. The treatment of the limiting values p = (0, OC) is discussed in
Appendix A, Part II. Maximum ratios, I\.m... occur for finite amounts of crack growth and
are discussed further below. After the cracks have grown a very long way, the I\.s approach
the corresponding steady-state I\...s found by Amazigo and Budiansky (1988). Some bridge
lengths IIL. corresponding to the R-curves of Fig. 6 are plotted versus 6alL, in Fig. 8. The
critical values lelL, at which particle rupture commences are marked by the departure of

y
N' N

_~"""'.....J, '--~....L..-:'''''-X

Fig. 5. Generalized growth model of combined material crack.
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the curves from the straight line 1/L I = d.aJ L I' Notice. the 1/L IS remain fairly constant once
particle rupture begins.

The A';'..s depend on the interaction between the particulate and transformation mech­
anisms. For "large" p. strong interactions produce Ama,s much greater than the A"s, while
the Ama,s for "small" p just barely exceed the corresponding A"s. This dependence on p
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reflects the influence of the bridging particles in amplifying substantially the peak in the
transformation toughness component. For "strong" interactions, the bridging particles
provide substantial reinforcement "early" in growth, that is, prior to the peak in trans­
formation toughness. The extra K necessary to overcome the bridging strip expands the
transformation region, thus causing Amax to exceed considerably the corresponding Ag • For
"weak" interactions, particulate reinforcement only contributes significantly when the crack
has advanced beyond the region ofpeak transformation toughening. Thus, these cracks have
already approached their steady-state configuration when significant interaction occurs, and
Amax just barely exceeds Aw

We conclude this section with Figs 9-11, plots of Amus versus ).~u for a variety of p
and the values A; = 2. 3 and 4. Selected values of the alternative coupling parameter" are
marked by the small triangles. When compared with the steady-state results of Amazigo
and Budiansky (1988), it is evident that synergistic interactions can occur for even smaller
values of " than has been previously thought. It is particularly noteworthy that slight
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Fig. 9. Peak toughness ratios A.... versus A.T" ; 1\'; = 2, various p.
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Fig. 10. Peak toughness ratios Am•• versus ).';"'; A; = 3, various p.
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changes in " can produce very large increases in toughness. In the limit the parameters
(P.,,) - 00. the approximate product rule relationship

(15)

applies. while for the limit (p,,,) - O. Am•• coincides with Au and the exact formula

(16)

remains in effect. (The toughening ratios A.'P" and A.'/ are assumed to be related by Fig. I.)

STRENGTHENING DUE TO COMBINED MECHANISMS

This section considers strengthening during the growth of precut. finite cracks in the
combined material. We begin with an analysis of crack growth initiation. followed by the
treatment of growing cracks. This section is concluded with an examination of synergistic
strengthening.

Crack growth initiation
A precut crack of length 2a at the instant of crack growth initiation is represented

schematically in Fig. 12. The remote. nonzero. plane-strain stresses are

(17)

while the asymptotic near-tip stresses obey Mode-[ K-fields of magnitude K'iP' The crack
fronts are blocked by nondeformed ductile particles, so that crack-growth initiation occurs
when the effects of the applied stress (1 = (1, and the transformations cause K'ip to reach the
critical modified value Km~. At this instant (1m is equal to the critical value (1;;' just

y

Fig. 12. Precut finite crack at the instant of crack growth initiation.
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outside both the right and left transformed regions. The coordinates on the upper halves
of the right (+) and left ( - ) boundaries are given in terms of crack-tip polar coordinates
by the complex form

: +._ (0) = ±R(O)[cos (0) ± i sin (0)] ±a 0 ~ 0 ~ 7t (18)

where R(O) is the bounary-radius vector and 0 is measured as shown in Fig. 12. The crack
growth initiation results of Stump and Budiansky (1989b) for transformation strengthening
are adapated to describe the "combined" material by replacing the quantities (10 and L with
the modified forms (11 and L,.

Strengthening curus
As the crack tips advance symmetrically, "fresh" material is transformed while wake

regions of previously transformed material and strips of bridging particles are left behind.
The active-passive-residual boundary model is adapted to describe the evolution of the
transformed regions for a series of prescribed growth increments ~a. The points on the
current active segments are given in terms of translating crack-tip coordinates by

: +._ (0) = ± R(O)[cos (0) ± i sin (0)] ±c 0 ~ 0 ~ IX ( 19)

where R(O) is the current boundary radius vector, the right crack-tip position c = a +6a,
and IX is an unknown angle that varies with each growth increment. The form of (19) also
describes the transformed region boundaries in the interval (X ~ 0 ~ n by having R(O) conm:ct
the tips with the known coordinates of the passive and residual segments.

The development of the bridging strips is again divided into initial and generalized
growth phases. During initial growth, the advancing tips leave behind intact bridging
particles so that the strip ends at ± cJ remain Iixed at the precut tip positions ±a. Thus, the
instantaneous strip length / = c:-cJ is given by the overall tip advance 6a, while the
incremental change in strip length 0/ is equal to the growth increment ba. When the crack
has grown far enough that the critical COD is reached at ±a, generalized growth begins
as particle rupture commences. Throughout this stage, the strip ends trail the advancing
tips as the critical COD is maintained. Since the rehealing of ruptured particles is not
allowed, the condition M ~ c5a cannot be violated during crack growth. The equations
governing generalized growth are developed in Appendix B, Part I and are specialized to
handle initial growth.

"S-curves", that is, plots of u/u, versus the crack extension 6a/L Io are shown in Figs
13-15 for w = to, A;: = 2, a variety of p, and the values of the modified crack-length
parameter a/L, = 5000, 50, 5. The treatment of the limiting values p = (0,00) is discussed
in Appendix B, Part II. The maximum stress ratios, umax /(1,S, occur at finite amounts of
growth and depend on the interaction between mechanisms, since throughout crack growth
the "nominal" K, given by u.;;;;:, must overcome the combined Ktip due to the trans­
formations, bridging strips, and inherent tip resistances.

For "strong" interactions (i.e. p > I), the particulate resistance becomes important
just after the start of growth and amplifies the effects of the transformations. For "long"
cracks (i.e. large a/L I ), the transformations alone have the most effect, and the interaction
with the "strong" bridging strips results in the highest values of (1m../(1I' "Strong" inter­
actions also cause substantial increases in the (1m••/(1IS for "short" cracks (i.e. small a/L,).
However, since the transformation effects are weaker, these um.. /u1s are much lower than
those of the "long" cracks.

For "weak" interactions (i.e. p :=::: 0), the bridging strips only become important after
the cracks have grown a very long way. Thus, the u/u,s depend mainly on the trans­
formations with any interaction only taking place after the "nominal" K due to the applied
tensile stress dominates all other contributions. These um•• /u ,s are given approximately
by the renormalized form of Stump and Budiansky's (1989b) transformation-strengthening
results.
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The large number of independent parameters in the combined strengthening problem
make it difficult to present peak strengthening results in a single graph. However to illustrate
the effect of the modified crack-length parameter a/L I, um../u ,s are plotted versus the
prescribed peak transformation stress-ratio (umu/u.h in Figs 16 and 17 for alL 1 = 5000
and 50, a variety of p, and A;' = 2. The abscissa values of (uma.lu,h are obtained by
replacing Ull and L with their modified forms and using the modified transformation­
strengthening parameter
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Table I. "Synergism" ratio as a function of a L I and p. t\; = 2.
A,"' = 1.8 (w = (0)

p

aiL, x: 0.5 0.25 0.1 0

x: 1 0.978 0.879 0.727 0.680
5000 0.987 0.963 0.864 0.730 0.700

500 0.956 0.930 0.840 0.739 0.783
50 0.883 0.880 0.881 0.967 1.04

5 0.990 1.05 1.l0 1.07 1.03

(20)

in re-interpreting Fig. 2. Notice, for given p. the ama.!als of the "short" crack (a!L, = 50)
are much lower than those of the "long" crack (a! L, = 5000).

Finally, we consider synergistic strengthening. In the previous section. it was shown
that in the limit p -> 00, the Ama.s of "combined" material are given approximately by the
prodlict of the uncoupled toughness ratios. A;' and AT'''' It is instructive to determine if a
similar product rule also holds between strength ratios when II -> 00. Table I shows the
"synergism" ratio

ama.!a l
(alll...!a, ),(ama.!al)p

(21 )

as a parametric function of various values of the parameters a!L, and p given prescribed
tOIi.qll1less ratios A';.'" = 1.81 (w = 10) and A;' = 2. The values of (dma.!ddr were obtained
by re-interpreting the results of Fig. 2. while values of (dma.!a I)P were calculated from
Fig. 3 via the relation

(22)

Values close to unity in Table I indicate an approximate product rule relationship. Sur­
prisingly, the "synergism" ratio can exceed unity for small to moderate a!L,. This is a result
of the rapid drop off in (ama.!a, >r for small cracks, see the small t results in Fig. 2. When
reviewing Table I, it should be remembered that although an approximate product rule
occurs for a wide range of o!L 10 the overall tensile fracture strength increases are only
substantial (i.e. dmu!als > 2) when both the "isolated" particulate and transfonnation
mechanisms provide significant strengthening. Synergism tables constructed for other
parameter values show similar trends.

CONCLUDING REMARKS

The combination of dilatantly-transforming particle reinforcements and ductile par­
ticles reinforcements may improve substantially the fracture toughnesses and tensile fracture
strengths of normally "fragile" ceramics. For "long" dominant cracks. synergism may be
present for mixtures existing uncoupled systems that have bridge lengths Ip which are no
longer than 10 times the transfonnation wake heights Hr. Based on realistic estimates of
the transformation-toughening parameter 0 ::::;; w ::::;; 15. the maximum toughness ratios,
Am... of the combined material may exceed previous steady-state toughness predictions
(Amazigo and Budiansky. 1988) by up to 50%. Composites containing "long" pre-existing,
finite cracks and "strong" interactions may experience substantial increases in tensile
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fracture strengths. However. the presence of "short" cracks or "weak" interactions are not
expected to improve strengths much.
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APPENDIX A : ANALYSIS FOR SEMI-INFINITE CRACKS

In part I. the governing equations for growing finite cracks are developed for nonzero. finite values of the
interaction parameter p. In part II. these equations are specialized for the limiting values p = (0. co).

Part I.' Equation dl.'l:elopment
Throughout generalized growth. the combined effects of the applied K. the bridging strip. and the trans­

formations maintain t1.. at tr.. along the active segment of the transformation boundary while holding K." at
K..~ and v· (-I). the upper crack face displacement at the end of the strip as measured from the tip.
at VI' We make use of complex stress potential methods (Muskhclishvili. 1953) and note the following formulas
in terms of an overall potential t/>(:).

t1 "" 4(1 + v) Re (at/»
.. J 0:

Klor = Iim2~~t/> x> 0
..-0 vX

(AI)

(A2)

(AJ)

where: is measured from the current crack tip. Here. Re and 1m denote the real and imaginary parts ofa complex
quantity. and the brackets indicate the jump in t/> across the crack faces. The overall potential 1/>(:) is equal to the
sum of potentials due to the individual effects. According to Amazigo and Budiansky (1988). the potentials due
to the applied K and the transformations are
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Ec,O; l r c
tPr(:) = - 6n( 1- v) j log(v :+y' =0) d.l·o

(M)

(AS)

where the integral of (AS) is carried out in a counter-clockwise direction over the points Zo on the exterior of the
entire transformed region. Tada el al. (1985) list the potential for a "Dugdale-like" particle strip of strength cpS
and length I as

cs{ ~ i (J=-i /i)}rPp(=)=_..L.- Jlz--(z+/)!og ".
It 2 J=+iJf

(A6)

The branch cuts for all square-root and log functions are taken along the negative x-axis. The substitution of
tP = rPlC+rPr+tPpinto eqns (Al)--(AJ) then provides

a.. = K(I +v) ~ Re -.!.- _Ec,OJ(!..!::)l Re 1 dyo
J .j~ Jz 91t I-v j J=(J=+Al

_ 4cp S(1 + v) {R Alii (J=-i1)}
J e. +! 1m og r: 'Jf
n • y'Z+1 I

.( 4(I-V
l ){KA CpS/} c,OJ(I+V)f l I (A+iJf)

I' -I) '" --- - - - - m og dy.
E 21t n JIt A-iJf

, [8i Ec,O; f2f I
K".=K-cpS.j;-6(I_v).j; Re r:dyo.

v';o

(A7)

(A8)

(A9)

The governing equation for the active boundary is formulated by allowing z to approach =(0). given by (14).
from thc.,<xterior of the transformed rcgion while setting a.. = a:;'. The assertion of the critical conditions K". =
K.. jl-cp and 1'·( -I) = vr thcn provides two constraints. By introducing the nondimensional coordinates IlL,
and 7. "" zlL,. where L, '" L(I-cp ). the parameters p and w, ,lOd the modified toughness ratio 1\. we derive the
nondimensionalized equations

I W f" d [R(IJ') sin (0')]1= 1\ Re '-.-.- -- M(O 0') -- dO'
JZ(O) 9n -" 'dO' L,

2p { fifo!L ~ I (fii(Ji- i JiiL,)}- - 2 Re -- + 1m og
JIt Z(O) JZ(O)+i,jiiL,

If 2,11 CJJ f" (JZ(O)+i1f)IL, d [R(O)Sin(O)JWr = 1\ - - -- - - 1m log - dO
L, 3ltL, l!llt _" jZ(O)-i,jiiL, dO L,

and

4pIf CJJ f" I d [R(O) sin (O)J1 = 1\ - - - - - Re-- - dO
37t L, 9n _" jZ(O) dO L,

where

and

EVf

Wf = 6(I-v)L,a:;"

O~tX (AIO)

(All)

(AI2)

(AIJ)

(AI4)

Since 1\; is taken as a prescribed material constant. the combination of (2). (5), (8). and (AI4) provides the
additional relation

(AI5)

which is used to fix the left side of (All). Here. we have assumed that E and v. the elastic constants of the
composite. are equal to the malrix values.

Growing cracks were handled in the following manner for prescribed values of 1\;. the parameters p and w
(i.-;a' via Fig. I). and a series of small finite growth increments JaiL,. The equations (AIO) and (AI2) [a nonlinear
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integral equation and constraint for the nondimensional active-boundary radius R( 01 L, and the overall toughness
ratio Al were enforced throughout crack growth. During the initial growth state. I. L, was set equal to the total
crack advance 6a L ,. and the restriction (A II) was not enforced. Once the right side of (A II) reached the critical
value "',.1./ L, was allowed to vary. and (All) was enforced during subsequent growth increments. The numerical
solution procedure for the function R(O),L, and the scalars A. I.IL,. and :z is described in Appendix C. Part I.
After each increment. the condition J/.,' L, ~ Sa. L, was checked to ensure a physically meaningful solution.

Part 1/.' Limiting l'ulues of the interaction parameter
In the limit p = O. the bridging particles only provide reinforcement when the crack has achieved its steady­

state configuration so that Am., = AU' Thus during growth from the precut position. A depends on just the applied
K and the transfonnations. Setting p = 0 in (AIO) and (A (2) and eliminating (All) provides equations which
are similar in fonn to those describing transformation toughening in PSZ (Stump and Budiansky. 1989a). except
that .lr and L are replaced with the modified quantities A and L ,. Thus. the overall As for p = 0 are obtained
directly by renonnalizing their old"R-curve" results in tenns of the appropriate modified quantities.

In the limit p - Xi. the particle rupture beings the instant of crack growth initiation and must be included
in the stationary crack analysis as well as the growing crack calculations. Following Amazigo and Budiansky
(1988). we allow the parameter p -+ 00. as the nondimensional bridge /.,'L, - 0 in such a way that the product of

the two factors. p,./IIL,. remains bounded. This special limiting process ensures that a prescribed level of A; is
maintained. The governing equations for growing cracks are fonnulated and then adapated to handle crack
growth initiation.

In the limit 1- O. the asymptotic relation

(
f:-i Ii) {i

Imlog J;+iJi ~ -2 ReV: (AI6)

applies. After introducing (A t6) into (A7)-(A9) and proceeding with the reformulation. we obtain the specialized
equations

I W f" d [R( II') sin (/1')]1 = A Re -- - - M(O I}")·· ------- dO' 0';::1
'/Z(O) 9lt, . dO' L, """

3lt. !J~-- 2 J -:--, Wi' ,/i; I., f' I d [R(O) sin (0)]
K [(A;')' - II = Ai'v (I I., - j~ (p (; I.,~, - ---9lt··· ,Re j7.t~ ~ItI --"""f, "'.' dO

(AI7)

(AIK)

and (AI2). where 11', has heen removed hy (AI5) ,md .\/(0,/1') is given hy (AU). The elimination of the
transformation contrihutions from (AI2) and (AIX) gives the quadratic equation

( J ). 3lt / - 9lt
l

( • )
i' IlL, -+ , p ... (/I.., -- (A;:)' -I = 0_ 16

for the product i,/IIL,. The positive root of (A 19) provides the relation

-. 31!
i,.jIIL, = 4 (A~'-I).

(AI9)

(A20)

Finally. the introduction of (A20) into the K". restriction (AI2). and the elimination of (AIK) reduces the
governing expressions to (A 17) and the constraint

A - A"+"!f' Re _1- ~[l!..l!!Jsin(O)JdO
- p 9lt, jZ(O) dO L,

(A21)

for prescribed vatuc:s of A~' and the parameter UJ.

Crack growth initiation was treated first by noting that since the presence of the transformation provides no
initial toughening. the integral portion of (A21) must be lero. The governing equation for the boundary of the
transformed region. described by =(0) of the form (19). was then found hy sctting A = A; and enforcing (A 17)
in the angular interval 0 ~ 0 ~ It. Solution for R(O)I I., was accomplished using the procedure detailed in Appendix
C. Part II. Nc:xt. the growing crack was handled by solving (A (7) and (A21) for R(O)IL,. :I. and 1\ for each of a
series of small growth increments ,luiL I according to the growing crack procedure of Appendix C. Part I.

APPENDIX B: ANALYSIS FOR FINITE CRACKS

In Part I. the equations governing the growth of finite cracks are developed for finite. nonzero values of the
interaction parameter p. In Part II. the limiting values p :: (0.00) are treated.

Part I.' Equation del.'elopmt·nt
During generalized growth. the combined effects of the applied stress a. the transfonnations. and the bridging

particles maintain a.. at a:;' just outside the active segments of both transformed regions. Simultaneously, K"p and
v+(d). the upper crack face displacement at the end of the right strip. are held respectively at the critical values
K..JI=c, and v/. Complex stress-potential methods are used to fonnulate the appropriate expressions in a
manner analogous to that of Appendix A. However. instead of using the potential ,p(=). it is more convenient to
deal with the alternate fonn
SAS ~8: 6-B
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~(=) = C~;=) (B1)

for the first part of the analysis. Following Stump and Budiansky (1989a). the potentials due to the applied stress
11 and the transformation regions are respectively

(B2)

and

(B3)

where the integral is carried out over C+._' the exteriors of the left and right transformed regions. Tada el 01.
(1985) list the potential for "Dugdale-like" bridging strips of strength c,S and ends at ±das

CpS{= _, (tI) i ~~- i= ,;;c;P)}~ (=) = - - --- cos - - - log .
p rr J=I_ C2 c 2 J=2_C2+i=Jc2-d2

(84)

The branch of J=I_ C 2 :::: =as 1=1 .... 'Xl is taken, and the branch cut lies along the crack faces.
We now proceed to find K". and the mean-stress exterior to the transformed regions by substituting the sum

lb = ~d+~T+~, into the formulas

4(1 + v)
11m =-3~ Re ~(=)

and

K". = J}~ 2J2rr(x - c)~(x) x ~ c.

The resulting eltpressions arc

and

c. A (d) Ec,Or i ~K". = l1"rrc-2cp S ;cos- I
~ - ' c.. Re .r::---::dyo.

6(I-v)"rrc ,'C. "=o-c

(85)

(86)

(87)

(B8)

The crack face displacement at the end of the right strip is established by integrating the potentials (B2)-(84)
with respect to =, and then substituting the resulting combination, t/! =' t/!d+t/!T+t/!p, into the formula

v'(d) =' 2(I;V
2

) 1m [t/!(d»:

where the brackets indicate the jump in t/! across the crack faces. The resulting expression is

2(I-v
l

) {[ 2c S (d)J~ 2c S (d)}!.·(tI)=--E- 11--;-COS-' c "c'-d---;-dlog c

c,O;(1 +v) ~ (J=o-cJC+d+i§+CJc-d)
- 1m log dyo.

3rr " .c. J=o-cJc+d-iJ=o+cJc-d

(B9)

(810)

In order to be consistent with previous formulas, the branch cuts of the terms J=o±c lie along the negative
x-axis.

The governing equation for the active·boundary segments is now formulated by allowing: to approach
=+ (0), given by (19), Jm the exterior of the transformed region while setting 11m = cr.,. Simultaneously, the two
constraints K". = Km I-c, and v+(d) = VI are asserted. After introducing (I), (2), (8), and nondimensional
coordinates Z = :IL" C = clL, etc.. we obtain the equations
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(Bll)

I=!!....J C _:!P./2Ccos-'(~)--~f' Re[-.,!Z.W)+C _JZ_(II)+C]dY(O) (BI3)
11, a;L, 37t C 181t -, "/Z.(II)-C JZ_(II)-C

where '" f is given by (A 15).

N .. _«(/,/1') = Re Z. (0) + Z .. _((J')

. ./Z~ (0) -C~(JZ~(II) -C~ +JZ~._(O')-C~)

[
JZ .. _«(I)-C JC+O+i .../Z .. _(O)+C JC-O]

Q •. _(O) = 1m log =' .
>./ Z •. _(0) -C )C+D -i)Z... _((I)+C JC-O

and

d [R((I) sin «(I)]
d Y(O) =- dll.

dO L,

(BI4)

(BI5)

(816)

The integral equation (Bll) applics in the interval O";~.
Growing cracks were handled in the following manner for prescribed values of the parameters (w. p. and

aIL,). the toughening ratio A;'. and a set of Cs corresponding to a series of small growth increments Ja/L,.
Equations (BII) and (B (3). a nonlinear integral e4uation and a constraint. were enforced throughout crack
growth to determine the nondimensilll1al activc-Iloundary radius R(O)/ l., ;lI1d thc mot/ifit't/stress ratio fI/I1,. During
initial growth. the critical COD constraint (BI2) was not enforccd since thc end of the segment 0 rcmain~-d fi~ed

at the precut tip position II/l.,. Whcn the tip had advanced far enough that the right side of (BI2) reached the
critical v.due "'{. the constraint was turned on and D allowed to move behind the growing tips. The numerical
procedure used to solve (BI 1) (BI3) for the unknowns R(O)/l.,. fI/fI,. 2. and 0 during generalized growth is
discussed in Appendi~ C. I'art I. The special modilications necessary to treat initial growth and the very first
growth increment arc also detailed.

Purt 1/: Limiting ('u/ues oltlre interuc/ion parameter
In the limit p .... O. bridging particles only interact with the transformations after the crack has advanced a

"long" way. and the "nominal" K has begun to dominate growth. Thus. a/I1, depends on just the applied stress
and the transformations. Setting p = 0 in (BII) and (B 13). and rt:la~ing the constraint (BI2) provides equations
which arc analogous to those describing transformation strengthening in PSZ (Stump and Budiansky. 1989b).
Their results arc easily adapted for the combined material by replacing l. and 11 0 with the modified values l.,
and fI,.

In the limit p .... 'Xi. particle rupture begins the instant of crack growth initiation and must be included in the
stationary crack analysis as well as the growing crack treatment. We proceed in a manner analogous to that of
Appt:ndi~ A. Part II by developing the limiting e4uations for growing cracks and then specializing the results to
handle crack growth initiation. In order to maintain a prescribed level of A;. we allow the pardmeter P"" 00 while

the bridge length //L, = C - 0 .... 0 in a way such that the product of the factors pJC - 0 remains constant. In
the limit d .... c. the following asymptotic forms apply

dIOg(~) ~ d-c

[dj;C?-i:~] ~d):log ~ - 2i 2 1- - ---
d#-c2+i:Jc2-d2 c J:2_ C2

I [
J:o-cJC+d+iJ:o+cJC-d] '~Id) J:o+cog ::::/ 2 -- ---.
J:o-cJc+d-iJ:o+cJc-d c Jz.-c

(BI7)

(BI8)

(BI9)

(B20)

By introducing (B 17)-(820) into (87). (B8). and (B 10). and then reformulating. we derive the specialized equations
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,,!+"L,[ Z.(f!) IJ WJ'" d [R((I')Sinl(/')]1=- - Re ----- -:; - - I,V.W.U'j-.Y.(II.II'Jj--; L, dO'
'" a /Z;,(Ul-C' - 9lt , dll

lB~!1

3n (A;l'-I <1 hf 2 ,--
- =- -,---(p"C-D)
8 pJC-D <1, afL, 3n

W f' R [",.iz.(Ol+C "'.'Z.WI+C] d [RlOISinWI]-- e ----- - dO
18n -, ",/Z.(i/)-C ",'Z_(II)-C dO L,

and

(B2~)

1 = !!-J,C - ~ fi f', Re ["Z:-(Ol+C _~ Z. (1/)+ c] _~ [RWl sin (ol] dO (B23)
<1, a,L, 18nVC -, /Z «(J)-CZ (Ol--=C dll L,

v + "'-

where (AI5) has been used to fix the left side of (822). and N +._ (OJ)') is given by (814l, The elimination of the
transformation terms from (822) and (823) gives the quadratic equation

(824)

for the product pJC - D. The positive root yields the relation

(825l

which corresponds directly to (A20). the comparahle ellpressi.,n f.,r scmi·infinite erads, Finally. the suhstitution
of (825) into the K"rcondition (823) and the elimination of (822) reduces the governing equations to the nonlim::ilr
integral equation (821) and the eonstmint

for prescribed A~·. w. and a/I.,.
The special situation of crack growth initiation was handleu first hy setting the applied stress ratiu (1/<1, and

C l.'qual to the "initiation" values (lJ(I, and a/L ,. The houndaries of the translimlled regions were described hy
(Ill) and the integral equation (D21l was edended to cover the full angular interval 0"; 0 ,,;; It. The eunstraint
(826) remaind in dTI.'Ct. The solution procedure for R(II)/L, and (1./(1, is descrihcd in Appendix C. Part II. An
analysis revealed thilt in order for the transformed regiun to remain finite·sil.ed for al! UJ ;I: O. the pilrameter tJ'L,
nl.'Cded to be restricted to values grl!illt'r than (A;')'/2. Ned. growing cracks were handled by using the solution
procedure described in Appendix C. Part I to solve (li23) and (li261 for R(OI/L,. (1/(1,. and a set ofCscorresponding
to a series of finite growth increments.

APPENDIX C: NUMERICAL ANALYSIS

Part I of this appendix describes the numerical solution to the systems of equations governing growing semi·
infinite and finite cracks. Part II describes the solution procedure for crack-growth initiation in the limit p - -f••

Part I: Growin.l/ crelcks
The system ofequations consists of an integral equation for the function R(II)/ L ,. the current active·boundary

segment. and a variety of constraints for several scalar unknowns. Two scalars. the angle IX marking the end of
the current active segment and the appropriate "resistance ratio" (i.e. A for semi·infinite cracks or <1/<1, for finite
cracks). must be found during every growth increment. When the crilck is in generalized growth and p is finite.
the critical COD constraint must be added to determine the strip end. /,L, or D. Finally, during the very first
growth increment. an additional unknown angle pmust be introduced to determine the p:lssive scgment connection
with the transformed region(s) surrounding the stationary crack tip(s).

Rather than dcscribe each solution procedure for all possible circumstances. we discuss the general approach
used to solving a system containing the boundary integral equation and M constraint equations for the function
R(O)/L, and M scalar unknowns. The special trcatmcnt of the very first growth increment is discussed at the end
of this part.

The function R(O)JL, for the active-boundary radius was expanded in the finite series

.V

R(O)IL, = La.T",(O/x) 0 ~ 0 ~ x... (CI)

where the Ts are Tchebyshev polynomials of the first kind and the a.s are N + I unknown coefficients. The
expansion (CI) was substituted into the system. and the integral equation was collocated at the N + I points
(Jj = jlX/N U= 0... ,. N). An equation for the angle x was generated by asserting the tangency condition
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(C2)

at the junction of the active and passive segments. The final system consisted of N + M + I equations in the
,'Ii+ .\1+ I unknowns (ao•.... av.:Z. A.[I L ,)). (Here variables for the semi-infinite crack have been used. and the
bracket notation indicates that the quantity may be an active unknown.) Solution was accomplished by using a
Newton-Raphson iterative procedure with convergence specified by a relative change of less than 0.1"10 in each
of the unknowns between iterations. All integrals were broken up into sub-intervals along the active-passive­
residual segments and were evaluated by separate Gauss quadrature procedures.

For the very first increment of crack growth. the passive-residual juncture needed to be located. This was
accomplished by introducing the unknown angle {J to describe the juncture relative to the stationary crack. see
Fig. 5. An additional tangency constraint

(C3)

was added to the system. After the first increment. (J remained fixed and aided in evaluating the integrals over the
boundary during the subsequent growth increments.

It was found that five term expansions for the radius gave rapid convergence. The accuracy of select results
for a specified set of growth increments was checked by repeating the calculations with the increment sizes halved.
Few if any changes were observed. Typically. the starting growth increments needed to be small [i.e. less than
about 0.1 times the frontal extension. R(O)!L ,. of the stationary transformed zones) in order to capture the rapid
initial toughness increase. As the toughness peak was passed through. increment sizes could be increased.

Par' II: Crack-.qrlll\·tlr initiation /or p -Xi

The specialized analysis for the transformed region(s) surrounding the crack tip(s) at the instant of crack­
growth initiation is discussed. For both finite and semi-infinite cracks. a nonlinear integral equation for the radius
wctor R(/J)! I., must be enforced in the angular interval 0 ~ IJ ~ It. For the finite crack. there is an additional
constraint equatillO for the "initiation" stress ratio (1,/(1,. We describe the solution procedure for the finite crack.

The boundary radius vector was expanded in the finite series

V

R(/I)(L, = La.cos(nll) O~O~lt
11_ n

(C4)

which meets the .appropriate synullelry conditions (Stump and lIudiansky. 1989a). The expres.~ion (C4) was
substituted into (1121) amI (B26). Next. the integral equation (1121) was collocated at the N + I points 0, = j1t/N
(j = O..... N) to yield N +2 elluations in the unknowns (a"• ...• <I,V. (1,/(1,). All integrals were evaluatl.'l.1 by Gauss
quadrature. A Newton Raphson iterative procedure was used to obtain a solution with convergence specified by
a relative change of less than 0.1 % in each of the unknowns between iterations. Typically. 10 term expansions
for the radius gave rapid convergence. The equation (A21) for the semi-infinite eraek was treated in a similar
manner. The expansion (C4) was substituted into the integral equation. and the collocation and Newton -Raphson
procedures described abow were used to obtain a solution for the eoellicients.


